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It was shown recently by I. Horva´th that lattice fermions obeying the standard form of the Ginsparg-Wilson
relation cannot be ultralocal. However, there are more general forms of the Ginsparg-Wilson relation, which also
guarantee the physical chiral properties, but which are not covered by Horvath’s consideration. Here we extend
his proof to a much larger class of Ginsparg-Wilson fermions, demonstrating that they can only be local in the
sense of an exponential decay of their couplings, but not ultralocal.
A formulation of lattice fermions is character-
ized by some lattice Dirac operator D. The fa-
mous Nielsen-Ninomiya No-Go theorem [1] ex-
cludes { based on mild assumptions { the exis-
tence of (undoubled) lattice fermions, which are
chiral (in the sense that fD; γ5g = 0) and local
(in the sense that the couplings in D decay at
least exponentially).
Recently, a lot of attention was attracted to an
old idea by P. Ginsparg and K. Wilson [2], who
suggested to break the chiral symmetry on the
lattice in a particularly smooth way, so that
fDx,y; γ5g = 2(DRγ5D)x,y; (1)
where the term R is a local Dirac scalar. It
turned out that there are two types of local lattice
fermion formulations in the literature, the xed
point fermions [3,4] and another formulation by
H. Neuberger [5] (based on the overlap formal-
ism [6]), which obey the Ginsparg-Wilson relation
(GWR), eq. (1), [7{9]. In fact, this relation pre-
serves the essential physical properties related to
chirality [2,7,8,10,11].
As a virtue of the slight relaxation of the chi-
ral symmetry condition for D, fermions obeying
eq. (1) (GW fermions) can be local in sense of
an exponential decay of the couplings in D. 1
This is a great progress, but it does not mean
that GW fermions can even be ultralocal, i.e. that
their couplings drop to zero beyond a nite num-
ber of lattice spacings. The absence of ultralo-
1For Neuberger fermions in QCD, locality has been dis-
cussed in detail in Ref. [12].
cal GW fermions has rst been conjectured in-
tuitively [13]. In fact, it has been shown by I.
Horvath [14] that ultralocality is excluded for the
standard form of the GWR, which is given by
Rx,y = 12 x,y.
However, the question if this is still true for
other choices of the Ginsparg-Wilson kernelR has
not been rigorously answered yet, and the answer
is indeed not obvious from Horvath’s considera-
tion [15]. In this note we are going to extend
Horvath’s proof to a large class of kernels R.
We start from the following observations: (i) It
is sucient to show the absence of free ultralocal
GW fermions. (ii) If we can show this property
in d = 2, then ultralocal GW fermions in all di-
mensions d > 2 are ruled out as well, because
they could always be mapped on a 2d solution of
the GWR. In momentum space, such a mapping
corresponds to the restriction D(p1; p2; 0; : : : ; 0).
We assume unitarity, discrete translation and
rotation invariance, as well as invariance under
reflections and permutations of the axes. Then a
general ansatz for D reads [14]
D(p) = µ(p)γµ + (p); (2)
where  is a real Dirac scalar (whereas µ(p) is
imaginary). Here µ is odd in -direction and
even in all other directions, while  is even in
all directions. Furthermore there is a permuta-
tion symmetry among the non- axes for µ, and
among all axes for . We take D { and therefore
µ and  { to be ultralocal.
2The operator D is supposed to have the cor-
rect continuum limit, which implies (for a mass-
less fermion on a unit lattice)
µ(p) = ipµ + O(3); (p)  O(2); (3)
if p1 are p2 are both in O(). Let us further as-
sume { as the only restriction on the form of R {




= µ0(p)γµ + 0(p)
µ
0(p) = ipµ=(2r0) + O(3); 0(p)  O(2) (4)
(where r0 := R(p = 0)) is well-dened and ul-
tralocal as well. It is well-dened and local if
R(p) is non-zero all over the Brillouin zone. Ul-
tralocality can be assured for instance if R−1 is
ultralocal. 2 In coordinate space, we see from
Dx,y = 2(D0R)x,y that most ultralocal kernels R
provide ultralocality of D0 too. 3
Now the free GWR can be written as
−102(p)− 202(p) + ~02(p) = 1; (5)
where ~0(p) := 1− 0(p).
A free GW fermion has to satisfy eq. (5) for
any momentum p. Following Ref. [14] we rst
consider this condition only for the the special












dq ~0(q; q) exp(iqn) (n 2 ZZ)
(note that 01(q; q) = 
0
2(q; q)). They have to
be ultralocal, i.e. conned to some nite inter-
val jnj  Ldia (of course, Ldia > 0 because
µ
0(q; q) cannot be constant). We choose Ldia so
that it is the maximal distance over which a non-
trivial coupling occurs. According to the Lemma
in Ref. [14], only the \extreme" couplings with
n = Ldia can contribute to (dia)n , ‘(dia)n [16].
2For the fixed point actions, R−1 describes the coupling
between the blocks in the block variable renormalization
group transformation, hence one would always choose it
ultralocal for practical purposes.
3The proof for all ultralocal R is apparently feasible with
a different technique [15].





; ‘(dia)(q) = cos(Ldiaq);(6)
so that only discrete values
r0 =  1p
2Ldia
(7)
lead to a solution of the free GWR (5) restricted
to p1 = p2 (remember that Ldia is an integer
> 0). I. Horvath considered the case of a con-
stant R(p) = 1=2, and he observed that there is
no solution for that. However, we see now that
the diagonal case p1 = p2 is not sucient to rule
out ultralocal GW fermions in general.
Of course we have exploited only a small part
of the condition (5) so far. We now take into
account another special case by setting p2 = 0.
For this \mapping to d = 1" eq. (5) simplies to
−021(p1; 0) + ~02(p1; 0) = 1: (8)
We repeat exactly the same procedure as in the
diagonal case, based on the Lemma in Ref. [14].















dp1 ~0(p1; 0) exp(ip1n)
as L1d, and eqs. (4) and (8) now yield the condi-
tion
(2r0L1d)2 = 1: (9)
We see that a number of ultralocal solutions for
eq. (8) exist. For instance, the 1d Wilson fermion
solves the 1d mapping of the standard GWR [13].
However, it is obvious that the two conditions,
which arise from our two special cases of eq. (5),
cannot be satised simultaneously, because their




3This completes our proof of the absence of ultralo-
cal solutions for the class of GW kernels consid-
ered here. 4
Therefore the absence of ultralocal GW
fermions still holds for the generalized case con-
sidered here. Hence practical applications require
some sort of truncation and we have to life with
approximations of the GWR as formulated in the
innite volume. In nite volume with certain
boundary conditions, the GWR { as modied by
these boundary conditions { may hold, but this
requires the coupling of any lattice site to any
other site, which is extremely inconvenient. What
one can { and should { work on is a very fast expo-
nential decay, making a short-ranged truncation
harmless [3,13].
To summarize, we repeat that we are dealing
with a new variant of a No-Go theorem for lat-
tice fermions. The well-known Nielsen-Ninomiya
theorem excludes locality if the fermion obeys
fD; γ5g = 0. If we relax this condition to the
GWR, then locality is possible, but ultralocality
still not. We have demonstrated this for a large
class of GW kernels R, in any dimension d  2.
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